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ABSTRACT 

In this paper, three new discreteness criteria for M6bius groups acting 

on /~n are obtained; they are generalizations of known results using the 

information of two-generator subgroups. 

1. I n t r o d u c t i o n  

Let M(/~ n) denote the full sense preserving MSbius group acting on/~n; see [4]. 

In [12], J0rgensen obtained a very useful necessary condition for two-generator 

Kleinian groups of M(/~2), which is known as J0rgensen's inequality. As an 

application, he discussed the discreteness of subgroups of M(/~ 2) or M(/~) and 

obtained the following ([12, 13]): 
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THEOREM J1 : A non-elementary subgroup G of M ( f~ 2) is discrete if  and only 
if  each two-generator subgroup of G is discrete. 

THEOREM J2: A non-elementary subgroup G of M ( ft) is discrete if and only if  
each cyclic subgroup of G is discrete. 

Furthermore, Gilman proved the following ([10]). 

THEOREM G: A non-elementary subgroup G of M ([t) is discrete if and only if  
every non-elementary subgroup generated by two hyperbolic elements of G is 
discrete. 

In [19], we generalized the above results as follows. 

THEOREM WYI : A non-elementary subgroup G of M ( ft:) is discrete if and only 
if  every non-elementary subgroup generated by two loxodromic elements of G 
is discrete. 

Moreover, we proved ([16]): 

THEOREM PW: For a non-elementary subgroup G of M(ft2), if G contains 
an elliptic element of order at least 3, then G is discrete if  and only if  each 

non-elementary subgroup generated by two elliptic elements of G is discrete. 

We also proved ([20]): 

THEOREM WY2: For a non-elementary subgroup G of M (ft2), if  G contains a 
parabolic element, then G is discrete if  and only if  each non-elementary subgroup 
generated by two parabolic elements of G is discrete. 

See [3, 5, 8, 11] etc. for other discussions along this line. 

It is interesting to generalize the above classic results into the higher dimen- 

sional case. A number of authors have addressed this question. By adding some 

conditions, several generalizations of theorems Jx and J2 in M(t~ n) (n _> 3) 

have been obtained; see [1, 7, 9, 14, 23] etc. In [18], we generalized the known 

results as follows. 

THEOREM WY3: A non-elementary subgroup G of M(R  n) is discrete if  and 

only if WY(G)  (see the next section for the definition) is discrete and every 
non-elementary subgroup generated by two loxodromic elements in G is discrete. 

Theorem WY3 implies that J0rgensen's convergence theorem (see [12]) is also 

true for subgroups of M ( / ~ ) ;  see [18]. That  is, this result is true for general 

groups without the assumption of finite generation or that groups do not contain 
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elements of finite order or that  groups do not contain any convergent sequence 

consisting of elements with infinitely many fixed points as in the similar results 

of [9, 14, 25] etc. 

See [6, 7, 17] etc. for other discussions along this line. 

Obviously, when n = 1 or 2, the corresponding results in [1, 9, 14, 23] etc. 

do not completely coincide with the classic ones. In [9], Fang and Nai asked 

whether Theorem G is valid for subgroups of M([t n) when n > 3. The examples 

in [17] and [18] show that,  in general, Theorem G does not hold for subgroups 

of M(/~ ~) when n _> 3. The main reason for the failure is that  the smallest 

sphere S containing the limit set L(G) (see [15] for the definition) of G may 

have codimension higher than one. So G may contain a non-discrete subgroup 

of rotations around S. A rotation around S is an elliptic element h in G such 

that  h fixes S pointwise (cf. [17]). 

In some sense, we can regard Theorem WY3 as a positive answer to Fang 

and Naris problem. In this paper, by using similar methods as in [6], we will 

prove some new discreteness criteria (Theorems 3.1, 3.2 and 3.3) which are 

generalizations of the known corresponding results. 

2. Pre l im inar i e s  

We need the following preliminaries (see [2, 18, 23] for more details). 

Let Fn denote the n-dimensional Clifford group, SL(2, Fn) the group of all 

n-dimensional Clifford matrices and 

PSL(2,  Fn) = SL(2, r ~ ) / { + s ) ,  

where I is the unit matrix. 

Let 

correspond to the mapping i n / ~  

x ~ Ax = (ax + b)(cx + d) -1. 

This is an isomorphism between PSL(2,  Fn) and M(Rn). We will identify 

the element in M(R n) and its corresponding element in PSL(2,  Fn). 

For f E PSL(2,  Fn), let f denote the Poincar~ extension of ] (see [4]), 

f i x ( f )  : {x e [tn : f (x)  : x}, f i x ( f )  : {z e H ~+1 : f (z)  : z}, 

and let card(M) denote the cardinality of set M. 
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Now, we give a classification to the elements of PSL(2,  F~) as follows. 

A nontrivial element f E PSL(2,  F~) is called 

(1) f ixed-po in t - f ree  if card[fix(f)] = 0; 

(2) l oxod romic  if card[fix(f)] > 0 and f can be conjugated in PSL(2,  Fn) 

o ) w oro r A' ' r # 1, A 6 Fn and IA[ = 1; 

(3) pa rabo l i c  if card[fix(f)] > 0 and f can be conjugated in PSL(2,  Fn) to 

( 0  b l )  ' w h e r e a ' b E F n ' l a l = l ' b r  

(4) el l ipt ic  if card[fix(f)] > 0 and f can be conjugated in PSL(2,Fn) to 

(o 0) u' , u E F n ,  l u t = l a n d u ~ R .  

We call f g-ell iptic if it is elliptic or fixed-point-free. Then f is g-elliptic if 

and only if f ix( ' /)  # 0. 

PROPOSITION 2.1: For a nontriviai eIement f 6 PSL(2,  Fn), 

(1) f is fixed-point-free if  and only if  card[fix(i)] = 1; f is elliptic if  and only 
if  card[fix(~)] > 1. 

(2) PSL(2,  F~) contains a fixed-point-free element if  and only if  n is odd and 

n > 3 .  

A subgroup G of PSL(2,  Fn) is called e l e m e n t a r y  if it has a finite G-orbit 

i n / ~ + 1  = Hn+l t3/~n (see [4]). Otherwise, we will call G n o n - e l e m e n t a r y .  

A subgroup G of PSL(2,  F~) is called K le i n i a n  if it is non-elementary and 
discrete. 

As a corollary of the definitions, the discussions in [24], remark B1 and the 

proof of lemma B2 in [15], we can deduce the following. 

LEMMA 2.1: (1) If G contains a loxodromic element, then G is elementary if  
and only if it fixes a point in [ln or a point-pair {x, y} C [~n. 

(2) If  G contains a parabolic element but no loxodromic element, then G is 
elementary if  and only if it fixes a point in ~n. 

(3) If  G is purely g-elliptic, i.e., each non-trivial element of G is g-elliptic, 

then G fixes a point in [-I n+l . 

Remark 2.1: The case that  G fixes only one point in/~n in (3) can occur when 

n _> 4 (cf. [24]). 

We obtain two corollaries. 

COROLLARY 2.1: Let f 6 PSL(2,  Fn) be of order at least 3 or oo and let 
g e PSL(2,  F~) be conjugated to f .  Then, 
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(1) if  f is parabolic or loxodromic, the group (f, g) generated by f and g is 

elementary if and only if ( f  , g) fixes a point x �9 [~n; 

(2) if f is fixed-point-free, ( f  , gl is elementary if and only if (f, g) fixes a point 
x �9 H n+l or a point-pair {x, y} C/~n; 

(3) if  f is elliptic, (f, g) is elementary if and only if (f, g) fixes a point x �9 
[-I n+l or a point-pair {x, y} C/~n. 

COROLLARY 2.2: If  G C PSL(2,  Fn) fixes no point in [~n, then G is purely 

g-elliptic if and only if G fixes a point in H n+l . 

The following lemmas will be crucial. 

LP, MMA 2.2 ([23]): Let f ,  g �9 PSL(2,  Fn). If  ( f ,g  I is a Kleinian group, then 

I l l  - I l l  Ilg - I l l  ___ 1/32. 

.f_ lnq-1 LEMMA 2.3 ([6]): Let txj~cy=l be a set of n + 1 different points in Rn and 
satisfy that there exists a unique (n - 1)-sphere S in A n containing all n + 1 

points. Let g be a M6bius transformation acting on Rn such that g(xj) = xj 

for each j. Then g is either the identity or a reflection in S. 

For a non-elementary subgroup G C PSL(2,  Fn), let 

H(G) = { f  �9 G: f is loxodromic}, 

and if G contains some parabolic element, then let 

P(G) = { f  �9 G: f is parabolic}. 

For f �9 H(G) or f �9 P(G) and P(G) ~ 0, let 

GS = {g �9 G : g is conjugated to f and(f,g) is non-elementary}, 

W Y ( G )  = {h �9 G: f i x ( f )  C f ix(h)  for all f �9 H(G)} (see [18]) 

and 

W(G) = {h �9 G: f i x ( f )  C f ix(h)  for all f �9 P(G)}. 

Then, obviously, GI is a proper subset of H(G) (or respectively P(G)) if 

f �9 H(G) (or respectively f �9 P(G)) and both W(G) and W Y ( G )  are purely 
elliptic subgroups of G. 

As in [6], if G is non-elementary, we denote 

L(I)  = {g e G: g = I on L(G)}, 
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where L(G) is the limit set of G. Then L(I) is also a purely elliptic subgroup 

of G. 

By [4, 15, 18, 21, 22], the following are obvious. 

PROPOSITION 2.2: If  G is non-elementary, then (1) H(G) ~ 0; (2) W(G) = 
WY(G) provided P(G) ~ O; (3) WY(G) = L(I); (4) WY(G) is discrete if and 
only if WY(G) is finite. 

Remark 2.2: When n = 1 or 2, WY(G) = L(I) = {I} (= W(G) if P(G) # 0) 

provided G C PSL(2, Fn) is non-elementary; see [18]. 

3. D i s c r e t e n e s s  c r i t e r i a  for  s u b g r o u p s  o f  PSL(2, Fn) 

Now we state our main results. We will prove them in Section 5. 

THEOREM 3.1: Let G C PSL(2, Fn) be non-elementary. Then G is discrete if 
and only if  WY(G) is discrete and each non-elementary subgroup generated by 
two elements of Gf is discrete, where f E H(G). 

THEOREM 3.2: Let G C PSL(2, Fn) be non-elementary. If P(G) ~ 0, then G 
is discrete if and only if W Y  ( G) is discrete and every non-elernentary subgroup 
generated by two dements of G S is discrete, where f E P(G). 

Let G be a subgroup of PSL(2, Fn). We say that  G satisfies the P a r a b o l i c  

C o n d i t i o n  if G contains no sequence {fi} such that  each fi is parabolic and 

f i --+ I as i --+ oo. 

THEOREM 3.3: Let G C PSL(2, Fn) be non-elementary and satisfy the 
P a r a b o l i c  C o n d i t i o n .  If G contains a g-elliptic element of order at least 3, 

then G is discrete i f  and only ff WY(G) is a discrete group and each non- 
e/ementary subgroup of G generated by two g-elliptic elements is discrete. 

Remark 3.1: The examples in [17, 18] show that  the condition that  "WY(G) 

is a discrete group" in the above theorems cannot be removed. 

Remark 3.2: When n = 1 or 2, by Remark 2.2, Theorem 3.1 is a generaliza- 

tion of Theorems G and WY1, respectively. When n _> 3, Theorem 3.1 is a 

generalization of Theorem WY3. 

Remark 3.3: When n = 2, by Remark 2.2, Theorem 3.2 is a generalization of 

Theorem WY2. When n > 3, by Remark 2.2, Theorem 3.2 is a generalization of 
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theorem 1.3 in [18]. Proposition 2.1 implies that  Theorem 3.3 is a generalization 

of Theorem P W .  

4. Several propositions 

PROPOSITION 4.1: Let G C PSL(2,  Fn) be non-elementary. / f  each non- 

elementary subgroup of G generated by two elements of G f is discrete, where 

f C H(G) ,  then G contains no sequence {fi} such that no fi is elliptic and 

f i -+ I as i -+ c~. 

PROPOSITION 4.2: Let G C PSL(2,  Fn) be non-elementary and P(G) ~ O. If  

each non-elementary subgroup of G generated by two elements of G: is discrete, 

where f E P(G), then G contains no sequence {fi} such that no fi is elliptic 

and 

f i -+ I as i -+ oo. 

PROPOSITION 4.3: Let G be non-elementary. If  each non-elementary subgroup 

of G generated by two g-elliptic elements is discrete and W Y ( G )  is discrete, 

then G contains no sequence {fi} with each fi g-elliptic and 

f i ~ I as i --+ oc. 

Proof of Proposition 4.1: Suppose, to the contrary, that  G contains such a 

sequence. Then for large i, we may assume that  fi(Xo) ~ Yo and fi(Yo) ~ xo, 

where f i x ( f )  -- {Xo, yo}. 

Let 

gi : f i f  f i  -1. 

Then, for large enough i, (f ,  gi) is elementary. Suppose this were not so, that  

(f ,  gi) is non-elementary. Then, by our assumption, (f, gi) is discrete. Lemma 

2.2 implies that  

[If - III. IIg~f -i - Ill _> 1/32. 

This is a contradiction since gif  -1 -~ I as i -+ oc. 

It follows from (f, gi) being elementary that  

f i x ( f )  A f i x ( f i )  ~ 0. 

Let hj E G(j = 1, 2) be loxodromic such that  

f i x ( f )  A hi[fix(f)] = 0 and hi[fix(f)]  A h2[fix(f)] = 0. 
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By replacing f by hj fh~ 1 in the above discussions, we know that  there exists 

a positive number M satisfying that  for j = 1, 2 and all i > M, 

hi[fix(f)] M fix(f i)  r 9. 

This shows that  fi has at least three fixed points. This is the desired 

contradiction. 

Proof of Proposition 4.2: The proof of Proposition 4.2 follows from a discussion 

similar to the one in the proof of Proposition 4.1. 

Proof of Proposition 4.3: Suppose, to the contrary, that  G contains such a 

sequence. Let S be the minimal sphere containing L(G), the limit set of G (see 

[15]). Without loss of generality, we may assume that  S =/~k,  where 1 < k < n. 

Choose xj E L(G) and accordingly open balls Uj in/~n+l (j = 1 ,2 , . . . ,  k + 2) 

such that  xj E Uj, Uj M U~ = 9 whenever j ~ s and for any aj E Uj, there exists 

only one k-sphere S ( a l , . . . ,  ak+2) containing al,  a 2 . . . ,  ak+2. 

Since WY(G) is finite, we can find a g-elliptic element h E G of order at least 

3 such that  [fix(h 2) U fix(h2)] M U1 = 9. 

Let gj (j = 1, 2 , . . . ,  k -b 2) be loxodromic elements of G such that  

(1) fix(g1) C U1; 

(2) the attractive fixed point of gj lies in Uj and the other fixed point lies in 

U1, where j = 2, 3 , . . . , k  + 2. 

Then there is an integer p such that  ~jP[fix(h 2) U fix(h2)] C Uj (j = 
1 , 2 , . . . , k  + 2). 

Lemma 2.2 and our assumptions imply that  for all sufficiently large i, the 

groups 

('~ Ph r -P'  (r 1,2) ]i , gj gj ] = 

are elementary. 

It follows from Lemma 2.1 that  for each j and each i which is large enough, 

[fix(fi) U fix(~)] M Uj r 9 or [fix(f~) U fix(f2)] M Uj r O. Lemma 2.3 implies 

that  the restriction ~]s  of ~ or f~is of fi 2 to S is the identity. This means 

that  fi or f2 E WY(G) since f [ i s  = f [ I s  (r = 1,2). This is the desired 

contradiction. 

The proof is completed. 



Vol. 150, 2005 DISCRETENESS CRITERIA FOR MOBIUS GROUPS ACTING ON /~n 365 

5. T h e  p roofs  of  t h e  m a i n  resu l t s  

Proof of Theorem 3.1: Suppose that  G is not discrete. Then, by Proposition 

4.1, G contains a sequence {fi} such that  each fi is elliptic and 

f~-+I as i ~ oc. 

Let S be the minimal sphere containing L(G). Without loss of generality, we 

may assume that  S =/~k.  

If I _< k < n, then we choose xj E L(G) and accordingly open halls Uj C ~n 
(j = 1 , . . . ,  k + 2) such that  xj E Uj, Uj M Ur = 0 whenever j ~ r and for aj E Uj 
there exists only one k-sphere S(al , . . . ,  ak+2) containing a l , . . . ,  ak+2. 

We claim that  for each j ,  there exists My > 0 such that  for all i > My, 

f ix ( / i )  n Uj # O. 

Suppose not. Without loss of generality, we may assume that  

f ix(L) M Vj = O 

for all i. Then we can find a loxodromic element h E G such that  

fix(h) C Uj and ht[fix(f)] C Uj 

for large enough i, i.e., 

is elementary. This yields 

fix(ht fh  -t) M fix(fi)  # 0 

ht[fix(f)] M fix(fi)  ~ O. 

This is a contradiction. 

Having established the claim, we have shown that  there exists M > 0 such 

that for all i > M, and each j, f ix(fi)  M Uj ~ 0, where j = 1, 2 , . . . , k  + 2. 

for all large t > O. 

Since 

Ilht f h-t - Iil" II[fi(ht fh-t)f~-l](ht fh- t )  -1 - I l I  < 1/32 

for large i, Lemma 2.2 implies that  

(ht fh  -t, fi(ht fh- t )  f~ -1 ) 
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Then Lemma 2.3 yields that  f /Is = I,  i.e., f~ E WY(G).  This is the desired 

contradiction. 

If k = n, then, by replacing G by G in the above discussions, we can also get 

a contradiction. 

The proof is completed. 

Proof of Theorem 3.2: The proof of Theorem 3.2 follows from Proposition 4.2 

and a discussion similar to that  in the proof of Theorem 3.1. 

Proof of Theorem 3.3: Suppose that  each non-elementary subgroup of G 

generated by two g-elliptic elements is discrete and WY(G) is finite, but G 

itself is not discrete. Then there is a sequence {fi} C G such that  

f i --+I as i --+ co. 

By Proposition 4.3, we may assume that  all fi  are not g-elliptic. By passing 

to a subsequence, if necessary, we can obtain that  f ix( f i )  converges in the 

Hausdorff metric to a one- or two-point set Y C /~n. Then we can find a 

g-elliptic element g E G of order at least 3 such that  

fix(g) N f ix(/ i)  = 0 

for each i. 

Lemma 2.2 tells us that  the subgroups 

(g, figf:~ 1) 

are elementary for large i since (g, figf~ -i) = (g, (figf~-l)g -1) and (Agfi-1)g -1 
-+ I as i --~ cc. 

Obviously, (figf~-i)g -1 # I and (fig2f~-l)g -2 ~ I for all i. 

We claim that  there is a subsequence of {(figfVi)g - i }  or {(fig2f~-i)g -2} 
such that  all its elements are g-elliptic. 

If card(fix(g)) = 0, then Corollary 2.1 implies that  either fix(g~ N f i x ( ~ f i i  -1) 
# 0 or there exists a (g, figf~-l)-invariant set S = {x, y} C/~n. If the first case 

�9 ~ - 1  ~ - 1  Hn+l occurs, then f~x[(figf, i )g ] n ~ 0; if the second case occurs, then we 

let gi = (fig2f:(1)g -2, which is elliptic for each i. 

If card(fix(g)) > 0 and card[fix(g) n fix(figf~-l)] = 0, then either 

f i x [ (~ f i -1 )~  -1] N H ~+1 # 0 or card[fix(fig2f~ -~) N fix(g2)] >_ 2. That  is, 

either (figf~-i)g - i  or (fig2f~-l)g -2 is g-elliptic for each i. 

If card(fix(g)) > 0 and card[fix(g)n fix(f~gfj~)] = 1,  then (g, f igf~ i) 
contains no loxodromic elements. Since (figf~-l)g -1 ~ I and (figf~-i)g -1 -+ I, 
our assumptions imply that  (figf~-l)g -1 are elliptic for almost all large i. 
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If card( f ix (g) )  > 0 and c a r d [ f i x ( g ) n  f i x ( f i g  f[-1)] > 2, then obviously 

( f ig f[ - l )g  -1 is elliptic for each i. 

Having established the claim, we have shown that  G contains a sequence {hi } 

such tha t  each hi is g-elliptic and 

hi --+ I as i--+ ~ .  

Proposit ion 4.3 implies that  this is the desired contradiction. 
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